In this paper, an efficient sequential approach for simulating thermal stresses in brake discs for repeated braking is presented. First, a frictional heat analysis is performed by using an Eulerian formulation of the disc. Then, by using the temperature history from the first step of the sequence, a plasticity analysis with temperature dependent material data is performed in order to determine the corresponding thermal stresses. Three-dimensional geometries of a disc and a pad to a heavy truck are considered in the numerical simulations. The contact forces are computed at each time step taking the thermal deformations of the disc and pad into account. In such manner, the frictional heat power distribution will also be updated in each time step, which in turn will influence the development of heat bands. The plasticity model is taken to be the von Mises yield criterion with linear kinematic hardening, where both the hardening and the yield limit are temperature dependent. The results show that during hard braking, high compressive stresses are generated on the disc surface in the circumferential direction which cause yielding. But when the disc cools down, these compressive stresses transform to tensile residual stresses. For repeated hard braking when this kind of stress history is repeated, we also show that stress cycles with high amplitudes are developed which might generate low cycle fatigue cracks after a few braking cycles.
Introduction
Disc brakes are important components of a vehicle retardation system. They decelerate a vehicle by converting its kinetic energy into heat. During braking, a set of pads is pressed against a rotating disc and due to friction, heat is generated at the disc-pad interface and causes the disc surface temperature to rise in a short period of time. This heat ultimately transfers to the vehicle and environment and the disc cools down. Due to these severe working conditions during operation, macrocracks might develop on the disc surface in the radial direction. It has been shown in many previous works, e.g. Refs. 1 and 2, that during a brake application, compressive stresses are generated on the disc surface which cause yielding of the material. Then, when the disc is cooling, residual tensile stresses develop. For repeated hard braking of heavy trucks, microcracks in the radial direction of the disc brake might develop after a low number of cycles. This low cycle fatigue (LCF) phenomenon might be explained by the stress amplitudes developed during the brake cycles. In this work, we propose an efficient sequential approach for simulating these kind of stress amplitudes.
In previous works, different numerical approaches have been used to predict the thermomechanical behaviour of disc brakes. Richmond et al. 3 implemented an axisymmetric fully coupled thermomechanical model. They also developed a special finite element for the interface between the friction material and the disc. Kao et al. 4 developed a threedimensional (3D) FE model capable of performing fully coupled thermomechanical analysis. They used this model to study hot judder in a disc brake. Koetniyom et al. 5 performed sequentially coupled thermomechanical finite element analysis of disc brakes under repeated braking conditions. They considered only a small segment of the disc taking the cyclic symmetry into account and assumed a uniform heat flux. They developed and implemented a temperature dependent material model that allows different yield properties of cast iron in tension and compression. Choi and Lee 6 developed a FE model for an axisymmetric fully coupled thermoelastic contact problem. They used this model to investigate thermoelastic instability in disc brakes. In Ref. 1 , Dufre´noy and Weichert developed an uncoupled 3D FE model. They simulated only one-twelfth of the disc by considering the axial and rotational symmetries of the disc and used temperature dependent material data. They confirmed the existence of residual tensile stresses on the disc surface by measuring with the hole drilling strain gage method. They also performed cyclic load analysis for repeated braking by implementing a temperature dependent linear kinematic model. Gao et al. 2 developed a fully coupled 3D thermomechanical FE model to investigate the source of fatigue fracture in the disc brakes. They assumed that thermal properties of the materials for disc and pad are invariant with temperature. Kim et al. 7 performed fatigue life assessment for brake discs of railway vehicles. For this, they performed fatigue test of the disc material and determined stress-life curves. Then, for the computed stresses in the disc brake, they assessed the life of disc by using the Miner's rule. Sˇamec et al. 8 studied the LCF behaviour of nodular cast iron used for disc brakes. They performed strain controlled LCF tests at different temperatures and determined strain-life curves and different LCF parameters.
Today, the usual way to simulate frictional heating of disc brakes in commercial softwares is to use the Lagrangian approach in which the finite element mesh of a disc rotates relative to a brake pad. Although this approach works well, it is not feasible due to extremely long computational times. For simulating repeated braking, this approach is of little importance for practical use. The rotational symmetry of the disc makes it possible to model it using an Eulerian approach, in which the finite element mesh of the disc does not rotate relative to the brake pad but the material flows through the mesh. This requires significantly low computational time as compared to the Lagrangian approach. Nguyen et al. 9 developed an Eulerian algorithm for sequentially coupled thermal mechanical analysis of a solid disc brake. First, they performed a 3D contact calculation to determine the distribution of the pressure. Then, a sequentially coupled analysis is implemented by first performing a transient heat transfer Eulerian analysis followed by a steady-state mechanical analysis. Recently, Stro¨mberg 10 developed a finite element approach using an Eulerian framework for simulation of frictional heating in sliding contacts. In his approach, the fully coupled problem is decoupled in one mechanical contact problem and a frictional heat problem. For each time step, the thermoelastic contact problem is first solved for the temperature field from the previous time step. Then, the heat transfer problem is solved for the corresponding frictional power. In another paper, 11 this approach was implemented for simulating frictional heating in disc-pad systems.
In this work, thermal stresses in ventilated disc brakes for repeated braking are simulated by implementing a sequential approach. This approach requires significantly lower computational resources so it becomes feasible to simulate multiple brake applications. First, a toolbox developed by Stro¨mberg, which is based and described in his earlier work, 11 is used to perform the frictional heat analysis. In this Eulerian approach, the contact pressure is not constant, but varies at each time step taking into account the thermomechanical deformations of the disc and the pad. This updated contact pressure information is used to compute heat generation and flow to the contacting bodies at each time step. In such manner, the nodal temperatures are updated accurately and their history is recorded at each time step. Then, a script is used to write temperature histories for multiple brake applications into an output file for subsequent use. Because the finite element mesh of the disc does not rotate relative to the pad, the contact region is always well defined and a node-to-node based approach can be adopted. This allows the mesh to be refined only in the region where the brake pad is in contact with the disc, which results in lower computational time. The output file with temperature history is then used in a sequentially coupled stress analysis performed with a temperature dependent von Mises plasticity model with temperature dependent linear kinematic hardening by using Abaqus/Standard.
The results show the presence of residual tensile stresses in the circumferential direction on the disc surface after it cools down. For the repeated braking, an approximately stable stress-strain loop is obtained. The sequential approach has proved tremendously cheap in terms of computational time when compared to a fully coupled Lagrangian approach. This makes it a feasible technique for simulating repeating braking. This is demonstrated by presenting numerical results.
The outline of the paper is as follows: in Frictional heat analysis section, the frictional heat analysis is described as well as how the corresponding temperature history is exported to the stress analysis. In Stress analysis section, the governing equations for the stress analysis are given. In Material properties section, the material properties of all the parts considered during the simulation are described. In Numerical results section, numerical results are shown for repeated braking of a disc brake to a heavy truck. Finally, in Conclusions section, some concluding remarks are given.
Frictional heat analysis
The workflow of the sequential approach used for simulation of thermal stresses is shown in Figure 1 . An input file, which contains the meshed geometry with appropriate boundary conditions and loads, is required for the frictional heat analysis. During this analysis, linear thermo-elasticity is adopted and the problem is decoupled in two parts. In the first part, for a given temperature distribution the contact problem is solved to obtain the nodal displacements and the contact pressure distribution. The contact conditions are treated by applying the augmented Lagrangian approach, where the corresponding equation system is solved by using Newton's method. In the second part, for the obtained contact pressure distribution, the energy balance is solved and new nodal temperatures are determined. The heat balance of the disc is formulated in an Eulerian framework, where the convection is governed by the angular velocity of the disc. In order to stabilise the solution as a consequence of the non-symmetry of the convection matrix, we adopt the streamline-upwind approach. The equation systems defining the contact problem and the heat balance are then solved sequentially and a temperature history is generated. In this procedure, the nodal temperatures determined at each time step are taken into account in the next time step to calculate the thermoelastic deformations of the disc and pad, which in turn will influence the contact analysis. This is shown schematically in Figure 2 . More details about the frictional heat analysis can be found in Ref. 11 .
After convergence in the frictional heat analysis procedure, the nodal temperature history is written to an output file (called ODB file) by using a script. The script exports temperature histories for multiple brake applications into a single ODB file. This output file is then imported into Abaqus/Standard for performing sequentially coupled stress analysis. In this work, a von Mises plasticity model with temperature dependent linear kinematic hardening is used in the latter analysis. Details about this are presented in Stress analysis section.
Stress analysis
Permanent residual stresses might develop in a component even after the external causes, e.g. heat gradients or external forces, have been removed. In the case of thermal stresses, if the stress levels are sufficiently large to cause yielding in a component, then these may transform to residual stresses when the component cools down. Such residual stresses may affect the behaviour and life of a component. In this work, we study such residual stresses in a disc brake to a heavy truck by performing stress analysis as outlined below.
Given the temperature history from the frictional heat analysis, thermal strains are determined according to
where ðTÞ is the thermal dilatation coefficient, T ref is a reference temperature and T i is the initial temperature. The infinitesimal strain is split into elastic, plastic and thermal strains, expressed as
where e and p represent elastic and plastic strains, respectively. The stresses are computed by using Hooke's law as
where D is the elasticity tensor. The stresses satisfy the following equilibrium equation During the stress simulation, the von Mises plasticity model with temperature dependent linear kinematic hardening model is used. According to this, the yield surface is defined as
where y ¼ y ðTÞ is the uniaxial yield strength and
where a is the back-stress tensor and s is the deviatoric stress, given by
The evolution of the back-stress is governed by Ziegler's rule, which can be written as
where k ¼ kðTÞ is the kinematic hardening modulus and the effective plastic strain p eff is defined by
The plastic strain p is governed by the following associative law
where _ is the plastic multiplier, which is governed by the following Karush-Kuhn-Tucker conditions
Material properties
The disc, pad and back-plate are considered in the frictional heat analysis, which is presented in Frictional heat analysis section. Temperature independent material properties used for these parts are listed in Table 1 .
The brake discs are casted in a grey iron alloy. During stress analysis, temperature dependent material properties of the grey iron alloy are required. Most of these material parameters are obtained from measurements. Young's modulus, the yield strength and hardening behaviour are obtained from tensile tests performed at 20 C, 200 C, 400 C, 600 C and 800 C.
In Table 2 , temperature dependent mechanical properties of the grey iron alloy are given. Young's modulus for temperatures above 800 C and Poisson's ratio is chosen in accordance to Ref. 12. In Figure 3 , the true stress as a function of the true plastic strain for different temperatures is plotted. The solid curves show the results of the tensile tests. A curve (not shown) representing a smoothed average of the tensile tests performed at a specific temperature is obtained by the method of least squares. The dashed line is then obtained by connecting the first and last point of this fitted curve with a straight line and is the one used as input for the temperature dependent linear kinematic hardening material model. Thus, the dashed line represents a linear approximation of the tensile tests performed at a specific temperature. The hardening behavior above 800 C is assumed in accordance to Ref. 12 .
The thermal expansion coefficient of the grey iron alloy, for temperatures up to 1000 C, is calculated from experiments. In Figure 4 , the solid curve represents the results from the experiments. For temperatures above 1000 C and below solidus temperature, the thermal expansion is assumed to have the same slope as for temperatures around 1000 C. For even higher temperatures, no expansion is assumed. In Table 3 , the temperature dependent thermal expansion coefficient of our grey iron alloy is given. 
Numerical results
The assembly of the disc-pad system considered in this paper is shown in Figure 5 . The disc is geometrically symmetric about a plane normal to the z-axis. It is assumed that thermomechanical loads applied to the system are symmetric so only a half of this assembly is considered for the simulation and symmetry constraints are applied on the nodes lying on the symmetry plane. Some detailed geometry at the inner radius that is not important for this analysis has been removed to simplify the model. The displacements along x and y directions of the nodes located at the inner radius of the disc are set to zero. All the surfaces of the disc, except the one lying on the symmetry plane are considered to lose heat by convection. The brake pad is supported by a steel plate at the back side as shown in Figure 6 . Some detailed geometry of this back-plate which is not necessary for the simulation has been removed. Two cylindrical pins apply a normal force on the back surface of the support plate which transmits it to the pad. Displacements at the back surface of the support plate, other than along the force direction, are fixed. Furthermore, the temperature is set to zero on the back surface. The disc is meshed such that it has smaller elements where it contacts the pad as shown in Figure 7 (only a small portion of the disc is shown). This is an advantage of the Eulerian approach because the finite element mesh of the disc does not rotate relative to the brake pad but the material flows through the mesh. In the Lagrangian approach, a fine mesh should be applied on the complete surface of the disc because the finite element mesh of the disc rotates relative to the brake pad or some adaptive strategy should have to be applied. All the parts considered for the simulation are meshed with four-noded linear tetrahedron elements by using HyperMesh (HyperWorks 10.0) . These meshed parts are then used to prepare the input file with boundary conditions and loads by using Abaqus/CAE. For the brake disc presented above, we study repeated braking by using a temperature history for three similar brake cycles. The complete temperature history is obtained by solving the thermomechanical contact problem for one brake cycle and then merging the corresponding temperature history three times in a sequence by using the script discussed in Frictional heat analysis section.
In Figure 8 , temperatures of the disc surface are shown for the frictional heat simulation of one brake cycle. A brake force of 24.5 kN is applied for 20 s on the back surface of the support plate. The angular velocity of the disc is 45 rad/s and held constant throughout the simulation. The force is ramped up by using a log-sigmoid function during 20 time increments and then held constant for the next 80 increments with time step Át ¼ 0:2 s. This loadcase corresponds to a truck moving downhill with a constant speed. The friction coefficient is ¼ 0:3, the contact conductance is ' ¼ 0:1 W/NK and the convection coefficient is set to 50 W=m 2 K. After braking, the disc is cooled for another 5000 s with a time step of 5 s in order to bring it back to the ambient temperature. The disc assembly is meshed with 270,194 elements.
In Figure 9 , a graph of the temperature at a node on the disc is shown. It can be seen that the same temperature history is repeated three times for the repeated braking simulation. The node chosen for this plot is located on the disc surface at 180 from the middle of the pad and at a radius of 163.9 mm. Here, it is important to mention that the outer radius of the disc is 218.3 mm and inner radius is 112.3 mm. The total time, i.e. sum of the braking and the cooling time for one brake cycle has been scaled so that it appears as a unit on the time scale.
The temperature history of this frictional heat analysis is imported to Abaqus and a stress analysis is performed. The total CPU time for the frictional heat and stress analysis is 3.05 h and 5.54 h, respectively, on a workstation with Intel Xeon X5672 3.20 GHz processor. For comparison purpose, a simulation was performed for one brake cycle in a commercial software on the same workstation using a total Lagrangian framework. The brake force was applied only for 0.1 s. Otherwise, its magnitude and the boundary conditions were the same as used in our sequential approach. After braking, the disc was not cooled down. The total CPU time for the analysis is 40.12 h. This shows that a tremendous amount of computational time is required for the total Lagrangian approach even though the analysis was run for a braking period of only 0.1 s. In order to simulate the braking of 20 s studied in this work, Figure 9 . The temperature history for a node on the disc surface. approximately 8024 h will be needed if a total Lagrangian approach is applied.
Below, some results from the stress analysis when using the sequential approach are described at the same node for which the temperature history was shown in Figure 9 . In Figure 10 , a graph of circumferential stresses on the disc surface is shown. It can be seen that during each braking cycle as the brake force is applied, circumferential compressive stresses are generated. But after the disc cools down, they transform into tensile stresses. By comparing it with Figure 9 , it can be seen that there is a decrease in the magnitude of the compressive stresses even when the nodal temperature is rising. This reduction in stresses can be partly explained by the reduction in hardening of material at high temperatures. In Figure 11 , a graph of the von Mises stresses on the disc surface is shown which elaborates that the stresses go beyond the yield limit of the material. A graph of the corresponding circumferential plastic strains of the disc material at the surface is shown in Figure 12 . By studying these two figures, one can see that the material is deformed permanently first in compression when the brake force is applied and then in tension when the disc cools down. From Figure 12 , it can be seen that for the first cycle the yielding in tension is less than the yielding in compression so there is a residual compressive strain after the disc cools down. But during subsequent cycles, the yielding in tension is equal to the yielding in compression. So the magnitude of residual compressive strain remains same after each cycle. Similarly, von Mises Figure 10 . The circumferential stress at a node on the disc surface. Figure 11 . The von Mises stress at a node on the disc surface. stress graph shows a residual stress after the first cycle and at the end of each subsequent cycle, its magnitude remains unchanged. This behavior is attributed to the kinematic hardening model and that the same load history is used during each cycle.
The compressive stresses on the disc surface can be explained by the expansion of the surface material due to the increase in temperatures. The frictional heat causes the disc surface temperature to rise in a short period of time as compared to the inner region of the disc as shown in Figure 8 . Consequently, the surface expands more than the inner region of the disc and due to the closed shape of the disc, compressive stresses are generated on the surface. When these stresses surpass the yield limit, the material deforms permanently. But when cooling down the disc, these compressive stresses transform into tensile stresses because the material has already yielded in compression. Depending upon the magnitude, the residual tensile stresses in circumferential direction may cause the initiation of radial microcracks on the disc surface.
In Figure 13 , a graph of radial stresses on the disc surface is shown. It can be seen that as the brake force is applied, initially compressive stresses are generated. By comparing it with Figure 9 , it can be seen that the magnitude of compressive stresses start decreasing significantly even when the nodal temperature is rising. This reduction of stresses can be partly Figure 13 . The radial stress at a node on the disc surface. explained by the higher expansion of the surface material in radial direction as compared to the inner of the disc in the beginning but as the heat flows to the inner region, it also expands radially. So due to the reduction in difference in the expansions, the compressive stresses start reducing in magnitude already during braking. The behavior of the disc is different in radial direction from circumferential direction mainly because in circumferential direction, expansion is constrained due to round shape but in radial direction, it is relatively free to expand. After the disc cools down, it can be seen that stresses transform to residual compressive stresses. By comparing with Figure 10 , it can be concluded that the radial stress magnitudes are quite lower in compression but are almost the same in tension. Furthermore, the residual radial stresses are compressive, but the residual circumferential stresses are tensile. This is indeed in agreement with the observation that radial microcracks on disc surfaces are more marked than circumferential ones, even when macroscopic cracks do not appear. 1 In Figure 14 , a graph of circumferential stresses against different measures of the strain in circumferential direction for the repeated braking is plotted. It can be seen that after the first cycle, the behavior becomes approximately stable. It can also be seen that the thermal strain has higher range than the mechanical strain ( e þ p ), so it influences the graph of the total strain more. The shape of the graphs can be explained by the temperature dependent thermal expansion coefficient and the von Mises material model. Such stressstrain cycles might generate radial cracks after a few braking operations resulting in low cycle fatigue of a disc brake. Now if the fatigue life data for the disc material is known, its fatigue life can be assessed. It is clear that material on the disc surface undergoes substantial plastic strain, which suggests that a strain-based approach is needed for predicting the fatigue life.
Discussion
During the frictional heat analysis, temperature independent material data have been used. For more realistic results, temperature dependent material data should be used. The friction coefficient of a brake pad is generally dependent on temperature, velocity and contact pressure 13 but in this work, it is assumed to be constant at ¼ 0:3 to represent an average behavior. In a very near future, we will extend this work such that a temperature dependent behavior of the friction coefficient is included in the proposed method. At present, the in-house software assumes constant angular velocity of the disc but in the near future, it will also include non-constant angular velocities. In the stress analysis, a material model has been used that assumes the same behavior of the material both in tension and compression in monotonic loading but in reality, cast iron has different properties in tension and compression. So in the future, it would be advantageous to implement a material model incorporating the different behavior of cast iron in tension and compression. Such a material model has been developed by Koetniyom et al. 5 It would also be more realistic to use nonlinear kinematic hardening model for studying repeated braking. Furthermore, in the future a proper low cycle fatigue criteria will be implemented in our proposed sequential approach.
Conclusions
In this work, a sequential approach has been implemented to study thermal stresses in disc brakes for repeated braking. Frictional heat analysis is performed in an in-house software based on an Eulerian approach and stress analysis is performed in a commercial software, Abaqus, which uses the thermal history from the frictional heat analysis Figure 14 . Four different stress-strain graphs for three repeated braking operations.
as input. This method has proved tremendously cheap in terms of computational time when compared to a fully coupled Lagrangian approach.
The stress analysis results show that during hard braking, high compressive stresses are generated in the circumferential direction on the disc surface which cause plastic yielding. But when the disc cools down, these compressive stresses transform to tensile stresses. For repeated braking, when this kind of stress-strain history is repeated, stress cycles with high amplitudes are developed which might generate low cycle fatigue cracks after a few braking cycles.
